The phenomenon of the Portevin-LeChatelier effect is described on the basis of a constitutive model of dynamic strain ageing, which was implemented in three-dimensional finite element analysis. The simulation of the deformation behaviour of Al-Cu alloys is performed, using the constitutive parameters as required by the model. The simulations confirm the occurrence of propagative zones of localized deformation bands and provide insight into the strain rate distribution in the zones, characterized by a sharp strain rate peak. The influence of the applied strain rate on the localized deformation behaviour of a plane specimen is also analysed and the resulting stress-strain curves are calculated for each case. It is found, that the higher the applied strain rate, the faster the deformation band propagation and the smaller the amplitude of the stress-strain serrations. It is observed that macrosteps on the stress-strain curve match the reflection of the band at a specimen end. The propagative deformation bands in flat strip specimens are inclined with respect to the tensile axis from 45˚to 53˚, which is in good agreement with experimental findings.
Introduction
The effect of serrated flow, known as the Portevin-LeChatelier (PLC) effect is one of the most prominent examples for plastic instabilities, which is observed for instance in aluminium alloys. Investigated more than 70 years ago [1, 2] , this phenomenon still attracts the attention of researchers. In principle, the PLC effect was explained by Cottrell, who proposed the now famous concept of 'dynamic strain ageing' (DSA) by solute diffusion with dislocation breakaway from and recapturing in solute 'clouds' of foreign atoms. Recently, it was clarified that the combined action of DSA and long-range dislocation interactions is a necessary condition for producing macroscopically visible PLC stress serrations [3, 4] .
The DSA process in the system Al-Cu has been investigated in some detail by Schwink and co-workers [5, 6] . They proposed a map of instability regions which has been refined by results from laser extensometry of PLC deformation bands by Neuhäuser and co-workers [4, 9] . Three types of PLC bands have been identified, i.e. continuously propagating type A, intermittently propagating type B and stochastically nucleating type C bands along the specimen. Convergence studies of band width with mesh resolution is performed in the work of Zhang et al [8] . Kok et al [7] adopted a polycrystal plasticity formulation to develop spatial inhomogeneity in the stress state.
In the model introduced here, the activation enthalpy for dislocation motion is considered as an intrinsic variable which governs the extent to which dislocations are aged by solute clouds. First results of numerical investigations, based on a one-dimensional, constitutive finite differences-model, have been presented in [9] for the case of constant applied strain rate. In this paper, the constitutive model is extended to three-dimensions and implemented in the ABAQUS code [10, 11] . The essential features of the model, the serrated stress-strain curves and propagating deformation bands as obtained by the FE simulations will be presented in the course of this paper using experimental, constitutive parameters corresponding to an Al-Cu alloy.
The model and constitutive equations
The approach of the present model is similar to the model of McCormick and coworkers [12, 13] , in that plastic deformation of a DSA solid is considered in terms of the thermally activated motion of dislocations which is described according to a plastic strain rate of the Arrhenius type, namely:
where ν is the appropriate attack frequency of thermal activation, is the elementary strain accomplished when all mobile dislocations have been activated once, G 0 is the basic activation enthalpy in the absence of DSA, S 0 = kT /V is the instantaneous strain rate sensitivity, which depends on the activation volume V of thermal activation; it can be determined from the immediate response to a strain rate change, S 0 = dσ/d ln ε pl ,t , as also observed in the absence of DSA, where k is the Bolzmann constant and T is the absolute temperature. The enthalpy G in equation (1) can be represented as G = G 0 + G. The additional DSA-related enthalpy G represents an internal dynamical variable of our model. Since G is in proportion to the solute content accumulated at the glide dislocations, the plastic strain rate ε ,t depends on the ageing history. Thermal activation is facilitated by the effective stress which drives the mobile dislocations,
where ε and ε ,t are plastic strain and plastic strain rate, respectively. While work hardening (σ int ) is assumed to depend on the plastic strain only, the flow stress (σ ext ) also depends on the plastic strain rate and the DSA-related activation enthalpy as an internal variable. According to Hooke's law:
where σ ext,t is the externally applied stress rate, E is the Young modulus, and ε ext,t is the external (total) strain rate. The isotropic hardening is represented by the formula:
where σ int,t is a back stress rate, and h is the hardening coefficient. The dynamics of the non-dimensional DSA-related activation enthalphy g = G/kT is governed by the competition between ageing (strengthening of dislocation pinning) and rejuvenation (unpinning of dislocations from solute clouds). The salient new feature of the present model of the PLC effect is that the additional activation enthalpy related to kinetics of DSA, g is taken as a dynamic internal variable of the model, the derivation of which is given by the following equation:
where η is the ageing rate and g ∞ is a non-dimensional saturation enthalpy. As can be seen from equation (5), the dynamics of the additional activation enthalpy incorporates two counteracting effects: strain ageing itself gives rise to an increase of G with time, while unpinning of dislocations is accompanied by the loss of the solute cloud such that G is reset to zero. DSA encompasses the combination of these effects, which is taken into account by the differential equation (5) . To implement the model into a Finite-Element-Scheme it is necessary to generalize it in three-dimensions. The kinetic equation (1) remains in its initial form, with the only difference, that the plastic strain rate is taken as the equivalent plastic strain rate, and the effective stress is taken as the equivalent effective stress. The Hooke's law should be represented in a generalized form, where the variable E represents the matrix of elasticity. Because we take into account the isotropic material behaviour, this matrix is
, where E is the Young modulus and ν is Poisson's ratio. Since we consider a plastically isotropic material, the plastic strain rate tensor is given as
The effective equivalent stresses are calculated from σ eff = σ ext − σ int where the isotropic back stress σ int is given by equation (4) and its initial value amounts to 1 MPa in all elements except for the element number 1, where it is 0.95 MPa while the external equivalent stress is taken as the von Mises stress,
Numerical simulations
A tensile specimen of 25 mm × 4 mm × 1 mm is meshed with 100 elements (25 × 4 × 1).
It is constrained at one end and subjected to an axial applied strain rate within the range of 0.0002-0.000 6375 s −1 at the other end. The simulations have been performed for a 9 s-loading period using 9000 time steps with equal intervals of dt = 0.001 s.
For the simulation of strain localization it was necessary to introduce an initiation nucleus of localization. Thus, in element number 1 a 5% perturbation of the back stress was imposed. The model parameters assumed for the simulation are represented in table 1. The governing equations are discretized both in time and in space and have been implemented in the finite-element programme with the application of the modified Euler substepping scheme of integration according to the procedure by Sloan [14] . The simulation with the above parameters revealed type B of PLC bands, which exhibits an oscillatory or intermittent propagation along the tensile axis (stop-and-go) and which are accompanied by rather regular load serrations. They are reflected at the ends of the specimen. Type A has not been observed in the parameter range investigated.
The sensitivity of the results on the mesh size, as well as the consequence of the type and the magnitude of the initial imperfection are determined and given in the next section.
Results and discussion
In this section, simulation results for the strain rate controlled tension test are reported. Simulations are performed at different external applied strain rates ranging from 2.0 × 10 −4 to 6.375 × 10 −4 s −1 to investigate the propagative nature of the PLC bands. According to [4, 9] , types A, B and C bands are associated with applied strain rates of approximately 10 −3 s −1 , 10 −4 s −1 and 10 −5 s −1 , respectively. The relation between the applied strain rate, η and is contained in equation (5) . The calculations were performed at η = 10 −3 s −1 . This interval of parameters matches the ranges of types B band propagation [4, 12] . Shown in figure 1 is a simple relatively coarse three-dimensional mesh and the attained stress-strain curve for the applied strainrate = 0.0002 s −1 . Contour plots of the evolving plastic strain rate patterns are represented in figure 2 for a series of time steps.
As can be seen from the figure, the band originates at the artificial nucleus at the lower left corner of the model and discontinuously propagates from the left side of the specimen with the nucleus to the right and is then reflected at the end of the specimen to move in the opposite axial direction. It also changes the orientation of its propagation angle to the opposite one. The same band behaviour was experimentally observed in the paper by Deryugin et al [15] on an aluminium composite Al/Al 2 O 3 . A shear, forming the macroband of localized deformation is consequently compensated by a shear on the conjugate system. The dependence of the position of the maximum of plastic strain rate on time is given in figure 3 . It is clearly seen that the band propagates along the specimen at constant average speed and is then reflected upon reaching the specimen end.
The same calculations have been performed with a finer mesh (50 × 8 × 2). The sizes of the specimen remains the same (25 × 4 × 1 mm 3 ). Calculations performed with the finer mesh (figure 4) gives the pattern of evolution of the bands of localized plastic deformation as shown in figure 5 .
A comparison between figures 2 and 5 shows that the finer the mesh the thinner is the band width. The analysis has shown that the velocity of band propagation also depends on the size of the perturbated region. For the case of the finer mesh, the band propagation velocity is lowered by a factor of 1.37 in comparison with the initially coarse mesh (see table 2), which is caused not only by the initial perturbation impact, which is bigger in the coarser mesh (we will come back to this point below), but also by the influence of the mesh size itself in the direction of the band propagation.
The band can be visualized not only in terms of the plastic strain rate variable, but also by the 'additional activation enthalpy', the patterns of evolution of which are depicted in figure 6 .
Contrary to the previous case for the contour plots of plastic strain rate, the dark-coloured regions on the contour plots of activation enthalpy match the minimum value of the latter and these are the regions where plastic deformation occurs. The angle between the band and the tensile axis is very close to the experimentally observed value of 45˚ [15] . The effect of different applied strain rates can be seen from figure 7. From the above results it is obvious that more macro-steps per unit time are observed on the serrated flow curve as the applied strain rate is increased. Each macro-step matches the arrival and reflection of a deformation band at one of the specimen ends. The higher the applied strain rate and the frequency of macrosteps observed on the stress-strain curve, the smaller becomes the amplitude of the serrations on it, which relate to the intermittent propagation of a type B band. These findings can be explained as follows. The higher the applied external strain rate, the less time remains for a dislocation to become aged at obstacles, resulting in smaller serrations on the stress-strain curve. At an applied strain rate of about 0.000 36 s −1 the type B bands are still observed. They can be referred also to type B transiting to type A, because at the lower resolution of the curve, the fine serrations on the curve are almost not visible. The observed serrations are not numerical in origin. As shown in our calculations with the time step two orders of magnitude less (10 −5 s), the stress-strain curve still contains the above-mentioned serrations. An example of the correlation between the macroscopic step on the stress-strain curve and a band reaching the end of the specimen is given in figure 8 . The dependence of the velocity of the band propagation on the applied strain rate is presented in figure 9 . The velocity was calculated with the parameters compiled in table 1. It is seen that the velocity of the band propagation is linearly proportional to the applied strain rate. The linear interpolation of the band velocity dependence on the applied external strain rate and can be represented by the following formula: V b = 150 00 mm × ε ext,t + 3 mm s −1 . An analysis of the dependency of the velocity of band propagation and the width of the band for the different kinds of mesh sizes has been performed for the applied external strain rate ε ext,t = 2 × 10 −4 s −1 . The results of the analysis are represented in table 2. Not only the mesh, but also the size of the specimen was varied. The comparison of the velocity of the band propagation for the mesh 25 × 1 × 1 imposed on two specimens with different dimensions (25 × 1 × 1) and (25 × 4 × 1) results in the observation that for the mesh with a larger dimension along the y-axis, the velocity of band propagation is higher (5.71 mm s −1 ) as compared with 3.75 mm s −1 . The width of the band is approximately the same. An analysis of the behaviour of the band for the same dimensions of the specimen and with different number of elements along the y-direction results in the following conclusion: with increase in the fineness of the mesh, both decrease the velocity of band propagation and the band width.
As can be seen from the table, the finer the mesh (compare, for example, the cases for two types of the mesh 25 × 4 × 1-5.71 mm s −1 and 50 × 8 × 2-4.16 mm s −1 ) the slower the band propagates. The coarsest mesh among the considered ones gives the highest velocity of band propagation-8.69 mm s −1 . This confirms the assertion that the coarser the mesh the larger the region of local perturbation and the quicker does the band propagate. Finally, parabolic plastic strain hardening is prescribed with a hardening coefficient decreasing linearly with time according to h = h 0 − (100 MPa s −1 )t. Using a userdefined subroutine (UMAT), describing the behaviour of material and putting the hardening coefficient decreasing with time, the following curve was obtained for a constant external applied strain rate of 1.29 × 10 −4 s −1 (figure 10(a)) up to 2% of deformation. The hardening coefficient decreases with increasing strain such that the stress reaches 148 MPa after 2% of deformation.
Shown in figure 10(a) is the stress-strain curve which represents the characteristic types of oscillations at different stages of loading for the case of the bands of type C (initial segment of the curve without double jags) and B: from the previous calculations shown in table 2, it is known that the band is a propagating but initially jumping one, therefore of type C. Thus, and for computational time reasons, the present analysis was performed using only one element. As can be seen from the diagram, the amplitude of the serrations changes from the highest value at a strain of 0.002 to the lowest value at a strain of 0.02. The decreasing coefficient of work-hardening results in the fact that the stress at which the band starts to propagate is attained faster and this results in a decrease of the amplitude of the serrations on the stress-strain curve. The same strain rate of 1.29 × 10 −4 s −1 has been applied to the Al6061 specimen in an experiment of Dierke [16] . A comparison of the experimentally obtained curve and the calculated curve is represented in figure 10(b) .
As can be seen, the overall stress-strain behaviour in the calculation is in very good agreement with experimental findings on an aluminium alloy with similar elastic-plastic properties as the present Cu-Al alloy [16] . The double jags on the stress-strain curve calculated are caused by the fact that the simulation was performed with only one element and the second jag obviously is connected with the band reflection from the end of the specimen. However, no serrations have been observed on the experimental stress-strain curve in figure 10(b) , probably owing to the fact that the resolution of the loading changes was not enough.
Conclusion
Using the constitutive model proposed previously [9] , three-dimensional finite element simulations of the serrated flow were carried out for Al-Cu alloys for tensile deformation of flat specimens under strain control and at different strain rates to investigate the propagative nature of PLC bands. It was found that:
(1) The serrations on the stress-strain curve are accompanied by the propagation of the bands of localized plastic deformation. (2) The bands observed in the simulations within the interval of applied strain rate are bands of type C at the beginning when a single FE is used (hopping type band), B (intermittent propagation), turning into transiting type B to A (with very fine serrations) as the applied strain rate is increased. (3) The macrosteps on the stress-strain curve match the reflection of the band at one of the ends of the specimen. (4) The band propagates at an angle from 45˚to 53˚with respect to the tensile axis, which is in agreement with the experimental findings.
